(Received 7 August 2017; accepted 14 October 2017; published online 30 October 2017) In this letter, we investigate the dynamics of injection-locking a nonlinear micromechanical oscillator operating in different regimes of electromechanical nonlinearity to an external tone generated by a secondary oscillator. The micromechanical oscillator exhibits a combination of mechanical and electrostatic nonlinearities that were tuned using a bias voltage to adjust the relative importance of third-order and fifth-order stiffness nonlinearities. While it is well-known that third-order stiffness (Duffing) nonlinearity results in a synchronization range that increases with an oscillator's amplitude, little is known about the impact of other nonlinearities. We show that when using Duffing nonlinearity cancellation, higher order nonlinearities dominate, the synchronization range is smaller but has a greater rate-of-increase with oscillation amplitude. When both mechanical stiffness-hardening and electrostatic stiffness-softening nonlinearities are present, the frequency response follows an "s-curve" and, unlike the other conditions, the synchronization range does not increase monotonically with amplitude but instead reaches a minimum when both nonlinearities have similar magnitude. We develop a nonlinear resonator model and show that this model achieves good quantitative prediction of the measured synchronization range in all nonlinear operating regimes studied. Published by AIP Publishing. https://doi.org/10.1063/1.4999323
Due to their small size, low power consumption, waferscale manufacture, and compatibility with integrated circuit fabrication processes, silicon-based micromachined oscillators have begun to replace conventional quartz oscillators in many applications.
1 In applications such as inertial sensors 2,3 and clocks, 4 oscillators based on high quality-factor resonators have advantages of lower thermomechanical noise and lower phase noise. However, when operated at the large vibration amplitudes necessary to achieve high signal-to-noise ratio, high quality-factor resonators are subject to nonlinear phenomena that conventional oscillator designers typically try to avoid. 5 The onset of such behaviors was believed to define the maximum amplitude that can be reached, as these nonlinearities may introduce instability in resonators 6 or amplitude-tofrequency fluctuations in oscillators. 7, 8 However, recent experimental studies revealed that the performance of micro/ nanoresonators may be enhanced by exploiting nonlinearity, provided they are operated in the appropriate regime. [9] [10] [11] [12] For this reason, many researchers have begun to investigate mechanisms to improve the performance of nonlinear micromachined resonators. One such approach is synchronization, a well-known phenomenon that has been studied in various fields, [13] [14] [15] [16] and has been investigated in micromachined resonator-based oscillators which are coupled through various mechanisms: optomechanics, 17, 18 electrostatics, 19 and electronics. 20 In timing and frequency-control applications, synchronization has been specifically exploited to improve frequency stability. 12, 20 In addition, it has been also shown that phase noise can be reduced below the individual-resonator level by synchronizing multiple oscillators. 21 An important part of the effort to exploit synchronization is understanding the physics behind synchronization and developing models to describe the synchronization phenomenon accurately. 21, 22 Motivated by the applications of synchronization, in this letter, we focus on studying the impact of different electromechanical nonlinearities on the synchronization range of a micromachined oscillator synchronized to an external frequency reference (also known as injection-locking 23, 24 ). Injection-locking, which has been studied since 1940s, 25, 26 is a specific form of synchronization where there is a unidirectional coupling from a secondary oscillator to the primary oscillator. Injection-locking in a micromachined resonator exhibiting a cubic stiffness nonlinearity, commonly known as a Duffing oscillator, was recently studied. 2, 27 Here, we study injection-locking in a resonator that exhibits both mechanical and electrostatic nonlinearities, enabling voltage control over the dominant nonlinear term: at the low-voltage and high-voltage extremes, the stiffness can be tuned from amplitude-hardening (mechanical nonlinearitydominated) to amplitude-softening (electrostatic nonlinearitydominated), while at a specific voltage between these extremes, the mechanical and electrostatic cubic stiffness terms partially cancel each other. At this operating point, electrostatic stiffness-softening dominates at large amplitudes, causing the resonator's frequency response to exhibit a characteristic known as an s-curve. At the high voltage extreme, the known Duffing mechanical and electrostatic nonlinearities effectively cancel, resulting in domination of the electrostatic softening nonlinearity at high amplitudes (here, referred to as 5th-order nonlinearity). Using this voltage-controlled nonlinearity, we study differences in the oscillator's synchronization range and show that the range is quantitatively predicted by an analytical dynamic model, presenting how different nonlinear regimes alter the synchronization range.
The device, shown in Fig. 1 , is a 2 Â 2 mm 2 quad mass resonator fabricated from 40 lm thick single-crystal silicon in the Stanford epi-seal process. 28 The resonator is encapsulated in an epitaxial polysilicon reactor, sealing the device at low pressure (<1 Pa) so that the selected vibration mode at f ¼ 21 kHz has high quality factor (Q ¼ 85 000). The resonator is formed by four spring-coupled vibratory masses. Each of the device's four masses is supported by silicon flexures and is excited by capacitive forcing electrodes. The motion of the resonator is transduced to voltage through capacitive sensing electrodes. The measured output voltage has been rescaled into resonator displacement to better illustrate the connection between the vibration amplitude and the physical device dimensions such as the flexure widths and the electrode gaps. The device is operated at a vibration amplitude of up to 580 nm that is large relative to the 3 lm flexure width and 1.5 lm electrode gap, causing it to exhibit nonlinear behavior, documented in detail elsewhere. 3 Synchronization experiments were conducted using a resonator mounted on a printed circuit board (PCB) containing input and output amplifiers and connected to a lock-in amplifier (LIA, Zurich Instruments HF2LI). Using a phase-locked loop (PLL) implemented inside the LIA, the resonator operates as a self-sustained oscillator (e.g., a van der Pol self-sustained oscillator 29, 30 ). Using a PLL enables control over the phase-shift within the oscillator loop: here, this phase shift is set to À90
, causing the resonator to oscillate at the maximum amplitude point of its frequencyresponse curve in the linear regime and in each of the nonlinear regimes studied. Synchronization studies were performed by injecting an external tone via the LIA, causing the oscillator's frequency to become locked to the frequency of the injected tone.
Electrostatically actuated micromachined resonators can operate at large amplitudes (up to 64% of the capacitive gap) using sinewave actuation without exhibiting electrostatic pull-in instability. [31] [32] [33] While complete analysis of electromechanical nonlinearity can be found in the literature (e.g., Refs. 34 and 35), assuming stable oscillation at large amplitudes and using a Taylor series expansion for the electrostatic and mechanical forces, a simplified, forced equation of motion, also used elsewhere, 36, 37 including only odd-power stiffness nonlinearities due to the symmetry of the structure, 3 can be written as
where x is the displacement, Dx is the full width at half maximum (FWHM) bandwidth of the resonance mode, x o is the resonant frequency, and k 3 and k 5 are 3rd-and 5th-order nonlinear stiffness terms. The input forcing term u X is the PLL output used to sustain oscillation, and u e is the external tone which creates synchronization. By assuming that x ¼ Xe i½ðxþrÞtþh , u X ¼ U X e ixt , and u e ¼ U e e i½ðxþrÞtþ/ , and using the method of averaging 38 at the base frequency of oscillation x, the detuning frequency parameter (r), which is the frequency difference between the external tone and the unsynchronized value of x, can be solved as
where r n is the amplitude-frequency (A-
In these equations, a ¼ 3=8ðk 3 =x o Þ and b ¼ 5=16ðk 5 = x o Þ (referred to here as A-f coefficients) denote the frequency-shift coefficients due to k 3 and k 5 and X o is the nominal vibration amplitude of the oscillator when not synchronized. Based on this model, the vibration frequency depends on the amplitude through two polynomial terms: 2nd-order (X The resonator is mounted on a PCB containing a transcapacitance amplifier whose output is connected to a LIA. Using a PLL, the resonator is operated as a self-sustained oscillator and the oscillation frequency is tracked. An external tone, u e , is applied to the resonator through the LIA.
FIG. 2.
Large-amplitude frequency response measured at different bias voltages. The frequency axis is offset to allow better comparison of the resonance peaks. At 15 V, a classic Duffing resonator frequency response is formed due to 3rd-order mechanical nonlinearity. At 26 V, the 3rd-order term dominates at small amplitude, transitioning to 5th-order at large amplitude. The 27 V response is primarily due to 5th-order nonlinearity. In all three cases, the resonator is driven to the same vibration amplitude, but the output voltages at lower bias voltages are reduced due to the reduced sensitivity of the capacitive sensing output (which scales with V b ).
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Taheri-Tehrani, Defoort, and Horsley Appl. Phys. Lett. 111, 183503 (2017) (V b ¼ 27 V), while both A-f coefficients were non-zero at the intermediate bias point (V b ¼ 26 V). A small ac signal is used to excite the resonator, and the resonator is driven with the same input force in each experiment. While the nonlinear frequency response has multiple (stable and unstable) branches, closed-loop measurements using a PLL enabled each branch to be measured by locking the phase of oscillation to the corresponding phase of each branch. 39 At V b ¼ 15 V (black curve) where electrostatic nonlinearity is small, the 3rd-order mechanical spring-hardening nonlinearity dominates the response (b ¼ 0), resulting in a positive shift in frequency at the maximum vibration amplitude. As the bias voltage is increased, the 3rd-order electrostatic nonlinearity begins to cancel the 3rd-order mechanical nonlinearity, and at V b ¼ 26 V (red curve), the frequency response curve shows stiffnesshardening at lower amplitudes and stiffness-softening at higher amplitudes, resulting in what is known as an s-curve (with both A-f coefficients being non-zero at the intermediate bias point, a 6 ¼ 0, b 6 ¼ 0). By further increasing the bias voltage to V b ¼ 27 V (green curve), the 3rd-order mechanical and electrostatic nonlinearities cancel (for this reason, this bias point has been called the optimum voltage 3, 8 ) and the 5th-order nonlinearity dominates the frequency response (a ¼ 0). Complete analysis of r n is presented elsewhere; 3 here, we focus on studying the synchronization range, which is the difference between the maximum and minimum values of the detuning parameter, r s . All the r s i (1 i 4) are the damping-and nonlinearitydependent terms that contribute to synchronization. The terms of r s i (1 i 4) are
where r is the amplitude ratio of the driving force and the external tone (r ¼ U e /U X ), and d/ is the phase difference between the external tone and the oscillation (d/ ¼ / À h).
In other words, d/ is the synchronization phase, and if d/ is stable in time 23 (also referred to as time-bounded 40 ), the selfsustained oscillator is locked with the external tone and will follow its frequency. Terms in Eq. (4) are dependent on different orders of sinusoidal functions of d/. All the terms in Eq. (4) 
. For the device and conditions studied here, higher-order terms (r s 3 and r s 4 ) were found to be negligible.
Synchronization experiments were performed at the three different bias voltages illustrated in Fig. 2 . For simplicity, the value of r was kept constant and equal to 20% throughout the experiments. To measure the synchronization range, the detuning parameter r s =2p was varied in 0.05 Hz increments starting from the center frequency of oscillations (x þ r n ). For each detuning value, the phase of oscillation d/ was measured, and if time bounded, the point was regarded to be synchronized. Prior work has shown that starting from the center frequency and sweeping the detuning parameter outward is the key to measuring the full synchronization range, while sweeping the detuning toward the center frequency will result in a smaller measured synchronization range. 2, 27 The synchronization range was measured for 15 different oscillation amplitudes (X o ) for each bias voltage. Figure 3 shows the measured synchronization range (blue dots) and the predicted synchronization range based on the model (black squares: first-order, green triangles: second-order) for the three bias voltages of interest. At V b ¼ 15 V, where the Duffing nonlinearity dominates (b ¼ 0), the synchronization range increases with oscillation amplitude and, while the range is nearly symmetric about r s ¼ 0, the second-order model (r s 1 þ r s 2 ) provides a better fit to the measured range than the first-order model (r s 1 ). At V b ¼ 26 V, where both a 6 ¼ 0 and b 6 ¼ 0, the synchronization range has a more complicated dependence on the oscillation amplitude, first increasing at small amplitudes where 3rd-order nonlinearity dominates, then decreasing to a minimum value when X o is near 350 nm (where both 3rd-order and 5th-order nonlinearities have similar amplitudes), and finally increasing again at amplitudes where the 5th-order nonlinearity dominates. At V b ¼ 27 V, where the Duffing nonlinearity is effectively cancelled (a ¼ 0), the A-f dependence is solely dependent on b, and the synchronization range increases monotonically with oscillation amplitude. To estimate the values of a and b for each bias voltage, r n in Eq. (3) was fit to the measured backbone curves (insets in Fig. 3 ).
The resultant values were then used to calculate the maximum and minimum values of r s plotted in Fig. 3 . The values of a and b are different for each bias voltage as both terms are voltage-dependent.
The maximum synchronization range at V b ¼ 27 V is not as large as when V b ¼ 15 V, but it has a larger rate-ofincrease with amplitude due to the 4th-order dependence on amplitude (bX In conclusion, we have studied synchronization of a micromachined oscillator subject to different electromechanical nonlinearities. We presented an analytical model that accurately predicts the synchronization range in each nonlinear regime; the model's second-order approximation providing better agreement than the first-order approximation. When 3rd-order or 5th-order nonlinearities dominate individually, the synchronization range was shown to increase monotonically with oscillation amplitude. When the behavior combines these two nonlinearities, the synchronization range was shown to decrease with amplitude when the two nonlinearities have similar magnitudes, before finally increasing again at amplitudes where the 5th-order nonlinearity begins to dominate. Finally, we showed that, when operating in the 5th-order nonlinearity regime, the synchronization range is smaller but has a greater rate-of-increase with oscillation amplitude when compared to the 3rd-order nonlinearity regime.
